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Abstract 



> 

5^ ; We review the structure of gauge theory scattering amphtudes at tree level and describe how 

a compact expression can be found which encodes all the tree-level amplitudes in the maximally 
supersymmetric A/" = 4 theory. The expressions for the amplitudes reveal a dual superconformal 
symmetry. We describe how these ideas can be extended to leading singularities and the loop 
integrand in the planar theory and discuss the appearance of dual conformal symmetry in higher- 
dimensional gauge theories. This article is an invited review for a special issue of Journal of 

^ ■ Physics A devoted to "Scattering Amplitudes in Gauge Theories" . 



1 Introduction 



Scattering amplitudes in gauge theories reveal surprising and novel features which are difficult to 
see in their initial Lagrangian formulation. Many expressions for amplitudes may be constructed 
without appealing directly to standard perturbative techniques involving a summation over Feyn- 
man diagrams. In particular methods relying on analytic behaviour of the on-shell amplitudes 
only have been developed which are very efficient (see e.g. [1, 2, 3, 4]). We will focus on methods 
for tree- level amplitudes in this article, in particular the idea of BCFW recursion [5, 6]. 

As well as revealing surprising simplicity in the expressions for the amplitudes, the maximally 
supersymmetric theory in four dimensions also has a very large amount of symmetry. The theory 
is superconformally invariant and this fact expresses itself in the form of the tree-level amplitudes 
[7]. In addition there is another copy of superconformal symmetry, called 'dual superconformal 
symmetry' which appears at the level of the colour-ordered partial amplitudes [8]. The two 
copies of superconformal symmetry partially overlap and their closure is in fact the Yangian of 
the superconformal algebra [9]. The appearance of a second copy of the superconformal symmetry 
is also visible in the AdS sigma model which is believed to describe the A/" = 4 theory at strong 
coupling via the AdS/CFT correspondence [10, 11]. Its relation to the Yangian, a symmetry 
usually associated with quantum integrable systems, is indicative of a link to the remarkable 
structure governing the spectrum of anomalous dimensions of gauge-invariant local operators 
(see [12] for a review). 

The large symmetry algebra of the theory makes itself felt not only at tree-level but also in 
the form of the four- dimensional planar integrand at each order in the loop expansion [13]. As we 
will discuss the recursive techniques for tree-level amplitudes and for the loop integrand produce 
expressions which respect the full symmetry term by term. 

After introducing the on-shell superspace describing the theory we will describe how the 
BCFW recursion relations can be systematically solved for the complete tree-level S-matrix of 
the A/" = 4 theory. The expressions we obtain will lead us naturally to the notion of dual 
superconformal symmetry. We will then discuss how this symmetry, combined with the original 
Lagrangian superconformal symmetry appears at the level of the loop integrand, in particular 
forcing all leading singularities to be Yangian invariants. These quantities can be expressed in 
terms of residues of a particular integral over a Grassmannian space. These ideas then combine 
to the idea of a recursive relation for the loop integrand itself. We finish with a discussion of 
dual conformal symmetry in higher dimensions. 



2 On-shell superconformal symmetry 

An on-shell massless particle in four-dimensional Minkowski spacetime carries a light-like mo- 
mentum p. The on-shell condition j9^ = means that it is natural to express the momentum in 



terms of two commuting spinors, 

p"° = A" A" . (1) 

In maximally supersymmetric Yang-Mills there are various species of on-shell particles which 
neatly organise into a superfield $, dependent on Grassmann parameters f]^ which transform 
in the fundamental representation of the su{A) R-symmetry. The on-shell superfield can be 
expanded as follows 

$ = G+ + t^^Ta + ^V^'v^'Sab + I^V^V^'v^eABCDT'' + iv^V^'v^'v^'^ABCDG- . (2) 

Here G~^,Ta, Sab = ^^abcdS ,T ,G^ are the positive helicity gluon, gluino, scalar, anti- 
gluino and negative helicity gluon states respectively. A/" = 4 super Yang-Mills theory is a 
superconformal field theory and the on-shell superfield transforms under a natural action of the 
superconformal algebra which is essentially the oscillator representation [7] . Note that this same 
representation appears in the study of gauge-invariant local operators in the theory [14] and plays 
a role in the integrable structure found in the spectrum of anomalous dimensions (see [12] for a 
review). We give here the forms of the super Poincare and superconformal generators, 



d' 

P = A A , kaa 



C5-A'^. -4-n^^^^ (3) 

The Lorentz symmetry and sm(4) symmetry are manifest in this notation. The dilatation gener- 
ator is given by 

1 d l~- d 

rf=-A"-^ + -A"^ + l. (4) 

2 (9A" 2 5A" 

There is also a central charge, also referred to as 'helicity' or 'little group weight', 

2 dX^ 2 5A" 2 ' (9?]^ ' ^ ' 

under which the superfield $ has charge 1, 

h^ = $. (6) 

When we consider superamplitudes, i.e. colour-ordered scattering amplitudes of on-shell 
superfields, then the helicity condition (or 'homogeneity condition') is satisfied for each particle, 

/i,^($i,...,$„) = ^($i,...,$„), i = l,...,n. (7) 

The tree-level amplitudes in A/" = 4 super Yang-Mills theory can be written as follows, 

(12)... (nl) 
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The MHV tree-level amplitude, 



,MHV_ S\P)S%<1) 



(12)... (nl)' ^^ 

contains the delta functions S^{p)S^{q) which are a consequence of translation invariance and 
supersymmetry and it can be factored out leaving behind a function with no helicity, 

hiVn = 0, i = l,...,n. (10) 

The function Vn can be expanded in terms of increasing Grassmann degree (the Grassmann 
degree always comes in multiples of 4 due to invariance under su{4)), 



p„ = 1 + ^r^''' + vT''''^ + • • • + v^^. (11) 

The explicit form of the function Vn which encodes all tree-level amplitudes was found in [15] by 
solving a supersymmetrised version [16, 17, 18] of the BCFW recursion relations [5, 6]. 

At tree-level there are no infrared divergences and for generic configurations of the exter- 
nal momenta the amplitudes are annihilated by the generators of the standard superconformal 
symmetry, 

JaAn = 0. (12) 

Here we use the notation ja for any generator of the superconformal algebra psu{2, 2|4), 

ja e {p"", g"^, Qa, m„/3, rh^0, r'^B, d, s% sf , k^^,}. (13) 

For singular configurations there can be a non-zero variation [19, 20, 21]). These variations can 
be systematically absorbed into a deformation of the generators acting on a generating functional 
for all tree- level amplitudes [19]. For more detail on these ideas see [22] in this review series. 



3 BCFW recursion relations 

Let us consider gauge theory at tree-level. The Lagrangian contains three-gluon and four-gluon 
vertices. If we choose a standard Feynman gauge then the propagator assumes the form 1/p^. 
To calculate scattering amplitudes one should consider all amputated Feynman diagrams with a 
given choice of external legs, projected with the appropriate polarisation vectors to obtain the 
desired physical states. Stripping off the overall momentum-conserving delta-function, the end 
result of this process will be a rational function of the external momenta, 

An = 5\p)An. (14) 

All the poles of An will be of the form 



since they arise from internal propagators of the Feynman diagrams. 

In gauge theory one can also separate the amplitudes into various colour-ordered partial 
amplitudes, where the colour-dependence enters through a product of traces of the gauge group 
generators, carrying the colour labels of the scattering states (see [23] or [24] in this volume 
for more details). At tree-level it is sufficient to consider a single partial amplitude with colour 
structure Tr(T"i . . . T""^). All the others can then be obtained by non-cyclic permutations of the 
particle labels. 

Knowing the behaviour of the amplitudes at the poles, it is possible to reconstruct the full 
function. This is the basic idea of BCFW recursion [6] . These ideas are reviewed in detail in [25] 
and in this volume in [26]. For our purposes here the important point is that one can reduce the 
problem to a single complex dimension by introducing a complex shift of the external momenta, 

pf ^ pf{z) = AJ(AJ + z~Xf) . (16) 

Note that two legs {i and j) have been selected to perform the shift. Note that the exter- 
nal momenta remain on-shell (though complex) while at the same time preserving momentum- 
conservation. Those poles in the amplitude due to the propagators between legs i and j now 
manifest themselves as poles in z in the shifted amplitude. The original unshifted amplitude can 
be reconstructed from a contour integral around the origin in the z-plane, 

A^ = A„(0) = y" ^^n(^) . (17) 

On the other hand we can push the contour off to infinity. In doing so we will obtain a sum of 
residues from the poles in A{z) and potentially also a contribution from infinity. Since the poles 
come from propagators in the Feynman diagrams we can interpret the residue as a product of 
two on-shell amplitudes on either side of the exchanged on-shell particle (summed over possible 
exchanged particles). The residues of the poles at finite z are therefore related to amplitudes 
with a lower number of external legs. This is what allows a recursive construction of the tree- 
level amplitudes. In general the contribution from infinity only vanishes for certain choice of the 
helicities of the particles on the shifted legs. In the A/" = 4 theory which we are interested in here, 
all possible choices can be related to the (++) shift by supersymmetry. Moreover it is natural 
to accompany the shift in the momenta (16) with a shift in the fermionic variables, 

qf -^ qf = X^ij^f + z'nt) . (18) 

It can be argued that this shift admits no contribution from infinity, for more details on this 
point see [6, 27, 16, 17]. Thus the amplitudes can be constructed entirely from lower-point data. 

As we have seen the states in A/" = 4 super Yang-Mills theory are arranged into a single on-shell 
supermultiplet. The sum over possible exchanged states can be replaced by a single Grassmann 
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Figure 1: The residues at the poles of An{z) factorise into products of lower-point amplitudes. We 
denote the location of pole by zp. where Pi is the momentum in that channel of the unshifted diagram 
Pi = Pi + • • -Pi-i- For each pole there is a sum over possible exchanged states s as we consider all 
possible Feynamn diagrams with the relevant propagator. In the maximally supersymmetric theory this 
sum is captured by a Grassmann integral. 



integral over the rj variable associated to the internal line joining the two subamplitudes in the 
recursion relation. In summary the recursion relation for A/" = 4 super Yang-Mills theory is 



Ar 



Z^ 



d'vpAL{l{zpJ, 2,...,t-l, -P{zp^)) -2 An{P{zp, 



Pf 



n 



-l,n(zpj). (19) 



Here the sum is over the different residues obtained by dragging the contour off to infinity in 
the complex z-plane. For each residue zp^ is the associated location of the pole, while Pi is the 
unshifted momentum, Pi = pi + . . .pi-i in the associated channel. Finally P{zpJ is the shifted 
quantity P = pi + p2 + ■ ■ -Pi-i evaluated at the pole value of z so that it becomes an on-shell 
momentum. Note that to simplify the formula, we have chosen to perform the shift for momenta 
pi and pn- 

In order to solve the recursion relation (19) we need on-shell three-point amplitudes, which can 
arise from Feynman diagrams with three-point vertices attached to two external legs. The fact 
that the momenta are complex is important because for real momenta the three-point amplitude 
vanishes. There are two solutions to the on-shell three-point kinematics. From momentum 
conservation, 

A^A^ + A^A° + AgAf = (20) 

we find the two possibilities 



(12) = (23) = (31) = (MHV), (21) 

[12] = [23] = [31] = (MHV). (22) 

The corresponding superamplitudes are fixed by helicity, Lorentz invariance, momentum conser- 
vation and supersymmetry [16, 17], 
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Figure 2: The single BCFW diagram contributing to the n-point MHV amphtude. 



(5^(p)(54(77i[23] + 772[31]+r;3[12]) 



^ [12] [23] [31] ■ ^ ^ 



Note that in the three-point MHV kinematics the supersymmetry generator factorises, g"^ = 
XpQp for some A^ and qp and the requirement of g-supersymmetry is only that the amphtude 
contain a factor of 5^(5^) and not S^{q). Thus the MHV3 amphtude has Grassmann degree four 
while all other amplitudes have Grassmann degree at least eight. 

The recursion relation (19) can be decomposed into contributions of various Grassmann de- 
grees. Since there is a Grassmann integral on the RHS the sum of the degrees of the two 
subamplitudes Al and Aji must be four more than the degree of the amplitude we are solving 
for. Thus we find 

iNPMHV _ d rjp .MHV/^ N 4NPMHV/ 






^ v^ r Aa 



m=0 i 



^N-MHV(^^^)^N(.-^^-.MHV(^^^) . (25) 



Note that we have not allowed for the left subamplitude to be A^^^ . This is consistent because 
in the MHV case the square bracket [12] vanishes. For the left subamplitude the A variables 
are unshifted and hence this would imply that [12] and hence {pi + ^2)^ vanishes for the full 
amplitude as well. This is a restriction on the kinematics which is not true in general and hence 
such a term does not contribute to the recursion relation. Similarly the right subamplitude can 
never be Af^^. 

The simplest case of the recursion relation is for the MHV amplitudes. In this case the relation 

reduces to 

74 



d r]p 



The single term on the RHS is illustrated in Fig. 2. The solution to the MHV equation [16] is 
the natural generalisation of (23) to n points, 

^" " (12) . . . (nl) • ^^^^ 
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Figure 3: The two contributions to the supersymnietric recursion relation for NMHV amphtudes. We 
cah them homogeneous and inhomogeneous respectively. 



It is the superspace formula for the MHV amplitudes of Nair [28]. 

Let us now consider the next-to-MHV (NMHV) case. The recursion relation has two types 
of terms, one where the subamplitudes are A|^^^ and A^^^^ and the other where they are both 
MHV, 
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NMHV 
n 






n—l 



j=3 



P} 



A 



MHV, 



^pJA 



MHV / • 



(2^ 



The two kinds of terms are represented in Fig. 3. 



To express the solution for the NMHV amplitudes it is very convenient to introduce dual 
superspace coordinates. This notation is directly connected to the existence of a new 'dual' 
superconformal symmetry of the amplitudes which we will discuss in the next section. The dual 
coordinates will be defined in terms of the momenta and supercharges. 



V\ 



x?x? 
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Kvt = Q'i - otti ■ 



The solution to the NMHV recursion relation (28) is then [15] 

^NMHV _ ^MHVt;,NMHV 



where 



and 



V 



NMHV 



2<a<b<n-l 



R„ 



{aa-l){bb- l)S'^{{n\XnaXab\Obn) + {n\XnbXba\Oan)) 



(29) 



(30) 



(31) 



(32) 



xlb{n\XnaXab\b){n\XnaXab\b - 1) {n\XnbXba\a) {n\XnbXba\a) {n\XnbXba\a - 1) 

and the sum over a and b in (31) is performed such that a < b — 1. The solution for the NMHV 
amplitudes coincides with that found in [8] as a supersymmetrisation of the three-mass box 
coefficients of [29]. The final result (31) is remarkably simple. The six-particle case, for example, 
is expressed as sum of only three terms. 




n — 1 



Figure 4: Graphical representation of the formula for tree-level amplitudes in AA = 4 SYM. 



The process of solving the recursion relation can be continued to higher levels in the MHV 
degree. Instead of working level by level however, it is possible to write down an expression 
which can be verified to satisfy the recursion relation (19) directly [15]. It is helpful to strip off 
the MHV prefactors for the superamplitudes and just work in terms of the function Vn- Having 
done this the recursion relation can be expressed as 



71-1 



^n=^„~l(A3, 



n 



7 ^ Rn;2,{Pi\^i • • • 5 —Pii ^)'Pn-i+2\Pi: 



,n) 



(33) 



Note that the same quantity Rn,ab appears in the quadratic term on the RHS. The solution to 
this equation is encoded diagrammatically in Fig. 4. To obtain the expression for the tree-level 
amplitudes from Fig. 4 we consider paths, starting at the top and descending through the tree 
structure. Each node of the path corresponds to a generalisation of formula (32) carrying the 
labels of that node, 



R 



'n;biai;b2a2;...;brar;ab 



{a a-l){bb- l)5''^'>i{^\Xa^aXab\9bar) + {^\Xa,bXba\Oaar)) 
xlb{^\XaraXab\b) {^\Xa,aXab\b - I) {^\XarbXba\a) {^\Xa,bXba\a - 1) ' 



(34) 



with 



\S I \'^\XnbiXbiaiXaib2Xb2a2 • • • Xbyar • V"^"/ 

For a given path we are required to take the product over all nodes and for each node perform 
a summation over the final pair of labels over the region L < a < b < U where the limits L, U 
are given on either side of the line above each node in Fig. 4. A final subtlety is that when the 
labels take their boundary values, formula (34) must be modified slightly so that the explicit 
dependence on the boundary spinor is replaced. This is dealt with by writing superscripts on the 
/^-invariants to indicate special behaviour for terms when a = L ot b = U. Specifically we write 



E 



n;biai; 



...LLq 

.■,brar\ab ' 



(36) 



L<a<b<U 



This notation means that for the terms in the sum where a = L (or b = U) we replace the exphcit 
dependence on (L — 1| (or (f/|) in (34) in the following way, 



{L 



{n\XnhXl^l2Xl^l., . . . Xl^_^l^ , {U\ 






(37) 



When no replacement is to be made on one of the boundaries we will write the superscript 
0. The right superscripts are obtained by taking the lables of the node, deleting the final pair 
and flipping the order of the preceding pair. The left superscripts are identified with the right 
superscripts of the node to the left in a given row of the tree diagram Fig. 4. 



As an example we will give the result for NNMHV amplitudes. 



2<ai,6i<n— 1 



n\b\ai;a2b2 ' 
ai+l<a2,b2<6i 



/ . ^n;a2b2 
bi<a2b2<n—l 



(3^ 



At the level of pure gluon scattering, the fact that we have solved for the amplitudes in the 
A/" = 4 theory is no restriction at all; the gluon amplitudes are the same in any gauge theory. 
Thus the simplicity of the expressions arising from the recursive structure is universal for gluon 
amplitudes in all gauge theories, as is the associated presence of spurious non-local poles. The 
explicit expressions for the pure-gluon amplitudes can be derived from the superamplitudes by 
reading off the coefficient of the relevant combination of rj variables. Some specific examples are 
described in [15], in particular one can check that the expressions for the split-helicity amplitudes 
agree with those computed in [30] . The results for amplitudes involving fermions can be adapted 
to other gauge theories, for example QCD [31]. 

The same recursive technique is also valid for gravitational theories [32, 33, 27]. Again it can be 
made manifestly supersymmetric and becomes much simpler for the maximally supersymmetric 
theory A/" = 8 supergravity [17], admitting an explicit solution [34]. 



4 Dual superconformal symmetry 



Now let us look at the expressions we have obtained for the scattering amplitudes arising from 
the solution of the BCFW recursion relation from the point of view of symmetry. The quantities 
Xi which we introduced in (29) to express the amplitudes can be interpreted as the coordinates 
of a dual copy of spacetime. The amplitudes are trivially invariant under translations of the dual 
coordinates as they were introduced only through their differences. The definition of the dual 
coordinates is covariant and so dual Lorentz transformations are the same as Lorentz transforma- 
tions of the particle momenta and so are also a symmetry of the scattering amplitudes. Perhaps 
surprisingly, it turns out that conformal transformations of the Xi are also a symmetry of the 
scattering amplitudes. Since the symmetry acts canonically on the dual coordinates and these 
are linearly related to the particle momenta the generator of the transformation is a first-order 



X4: 




Figure 5: The light-like polygon in dual coordinate space defined by the particle momenta. 

operator acting on the momenta. Note that such a conformal transformation is not related to the 
conformal symmetry of the Lagrangian, which instead is related to the second-order generators 
kaa of (3). The conformal symmetry acting in the dual space is referred to as dual conformal 
symmetry. We will now see explicitly how the forms for the tree-level amplitudes in the previous 
section reveal the new symmetry. 

The dual coordinates Xi define a closed polygon with light-like edges in the dual space, as 
represented in Fig. 11. The contour is closed because we identify Xn+i with Xi. This statement 
reflects the total momentum conservation of the scattering process Pi + P2 + ■ ■ ■ + Pn = ^- The 
edges of the polygon are light-like because the particles in the scattering process are on-shell 
and the ordering of the edges is given by the order of the particles in the overall colour trace of 
the ordered partial amplitude. The role of the polygon was first made clear at strong coupling 
[35] where it becomes the boundary for a minimal surface in AdS space, leading to the idea of 
a relation between scattering amplitudes and Wilson loops [36, 37, 38, 39, 40, 41, 42, 43]. This 
relation is reviewed in more detail in [44]. For now we would just like to note that a light-like 
polygon maps into another such polygon under conformal transformations of the dual space. 
Indeed under conformal inversions 



we have that 



x^ -^ ^, (39) 

4 -^ i- (40) 






Thus if two points Xi and Xj are light-like separated they will remain so after a conformal inver- 
sion. The conformal group is generated by Lorentz transformations, translations and conformal 
inversions so the light-like nature of the polygon is invariant under the action of the whole 
conformal group. 

To see that dual conformal transformations are actually a symmetry of the scattering ampli- 
tudes we need to define their action on all of the variables in the problem. The helicity variables 

10 



A and A must also transform under dual conformal transformations as they are related to the 
dual coordinates via the defining relations, 

xf -xt:r = AfAf . (41) 

Under a conformal inversion xf^ transforms as follows, 

''J ' 



xrr -^ -(xrix,,-xTi)"". (42) 






In order to ensure compatibility with this we can choose the transformations Aj and Aj to be 
given by [8], 

\t -^ {xi'Kf, Af -^ -(xr^\A,)". (43) 

Note that we could have distributed the weights between A, and Aj differently and still maintained 
compatibility with (41). The choice made above means that the Aj transform in a similar way to 
the odd dual coordinates, 

^°^ ^ {xT^Oif^. (44) 

The above transformation for 9i implies that the variables rji must also transform in analogy with 
Aj and Aj, although we will not need the explicit variation here. 

Now let us examine the explicit forms of the tree-level amplitudes. If we look at the MHV 
amplitude, 

,MHv _ nvmq) , . 

•'^" ~ (12)...(nl)' ^ ' 

we can see that it is in fact covariant under dual conformal transformations. Firstly, if we drop 
the requirement that Xn+i = Xi and 6n+i = 6i then the delta functions can be written as 

5\p)5\q) = 5\x, - x„+i)5«(^i - ^„+i). (46) 

This combination is dual conformally invariant since the bosonic delta function has conformal 
weight 4 at the point xi (which is identified with Xn+i under the delta function) as can be 
seen from J d'^xiS'^{xi — Xn+i) = 1. The Grassmann delta function has the opposite conformal 
weight (which is only true because of maximal supersymmetry) and the hence the product (46) 
is invariant. 

The denominator in the MHV amplitude is covariant under dual conformal transformations 
because factors of the form {ii + 1) transform as follows, 

/•• , T\ , /•, -1 -i|. , T\ {i\xiXi+i\i + 1) {i\xi+iXi+i\i + 1) (ii + l) 

{ll + l)^{l\x^ X,^^,\l + 1) = -2-2 = -2-2 = ■ (47) 

Thus we find that the MHV tree-level amplitude is covariant with weight 1 at each point, 

Ar''^{xl..xl)AT''. (48) 



11 



If we now look at the NMHV amplitude defined by equations (30), (31) and (32) we find that 
it is similarly covariant. The reason is that each term Rn,ab in V^^^^ is invariant under dual 
conformal transformations. Indeed returning to the formula (32) we see that it is made of dual 
conformally covariant factors. The spurious poles are covariant following a similar analysis to 
(47). For example we have 

{n\XnaXab\b) > ri~^ ' {n\XnaXab\b - 1) > ^-^-^ . (49) 

■^n-^a-^b -^n-^a-^b-l 

The Grassmann delta function is also covariant as can be see when written in a slightly different 
form, 



1, 

^'^{{nlXnaXabldbn) + {n\XnbX},a\Oan)) = 5'^{{n\XnaXab\0b) + {n\XnbXba\Oa) + xlf,{n9n)) . 

nkinff all the factors in ^32^ one can see that the weights cancel and thus /?,„ „>, is " 



(50) 



Checking all the factors in (32) one can see that the weights cancel and thus Rn,ab is invariant 
under dual conformal transformations. In fact one can show from the recursion relation itself 
that all terms produced this way will respect dual conformal symmetry [16]. In the language of 
the previous section one can see this fact in (33). If we suppose that Vk is invariant for all k up 
to n — 1 then all quantities appearing on the RHS of (33) are invariants under dual conformal 
symmetry and hence so is Vn- One can also see directly, using transformation rules similar to 
(47), that dual conformal symmetry is present for the generalisations of Rn,ab appearing in the 
NPMHV amphtudes. 

It is perhaps not surprising, given that we are dealing with a supersymmetric theory, that the 
dual conformal symmetry extends to a dual superconformal one [8]. Dual superconformal sym- 
metry has a canonical action on the coordinates of the dual superspace Xi,9i. For many purposes 
it is helpful to express the symmetry in terms of the generators of infinitesimal transformations. 
For example the generator of special conformal transformations of the dual coordinates is 

i 

Just as we have seen for dual conformal inversions the transformation must act on the on-shell 
superspace variables {A, X,1]} in order to respect the constraints between them. In terms of the 
generators this means we must add terms so that the generator commutes with the constraints 
modulo constraints. One can perform this process for all generators of the superconformal alge- 



12 



bra. The result is the following set of generators [8] , 



t 



i i 

R^B = J2[0?^d,aB + vfd^B - l5pfd,ac - l5ir]^d,c] , 

i 
f) \ ^r r^aapj 1/5'^^ r) 1 X"-*/) l\'^r) 1 

i 

i 

Sa = J2^-0fJ^^d,pB + xj9^%p + Kjfd,, + x.^^Md^^ - 9f^,avfd,B] , 

i 

SaA = ^^[a^JQ dij3A + KadiA] , 
i 

i 

Here we have employed the following shorthand notation 

d d d d d 

It is simple to check that the generators in (52) do obey the commutation relations of the 
superconformal algebra. There are several remarks worth making at this point. Firstly it is clear 
from the first-order form of the generators that the dual superconformal symmetry is distinct from 
the ordinary superconformal symmetry generated by the operators given in (3). Secondly, we 
note that the su{4) nature of the fermionic generators is swapped between the original supercon- 
formal algebra and the dual superconformal algebra. For example the supersymmetry generator 
q""^ is in the fundamental representation of s-u(4) while the dual supersymmetry generator QaA 
is in the anti-fundamental. Similarly, on the on-shell superspace variables, the two dilatation 
generators coincide up to a sign because dual coordinates are actually related to particle mo- 
menta. Finally we note that the two superconformal algebras overlap non-trivially. That is, the 
fermionic superconformal generator S coincides with the original supersymmetry generator q on 
the on-shell superspace, while the dual supersymmetry generator Q coincides with the original 
superconformal generator s. The definitions of the dual variables manifestly respect covariance 
under the Lorentz, dilatation and su{4) symmetries and so these symmetries are shared between 
the two copies of the superconformal algebra. The same structure also arises from considering 
the symmetries of the string sigma model [45, 10, 11] which is believed to describe the theory at 
strong coupling. 

With all the generators of the superconformal algebra to hand we can now verify that the 
quantity Rn,ab is actually a dual superconformal invariant. We have already verified that it 
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is invariant under dual conformal inversions. Since dual translation invariance and Lorentz 
invariance are manifest, the inversion symmetry is equivalent to invariance under the dual special 
conformal transformations, generated by Kaa- It remains to show that it is invariant under the 
fermionic generators. Invariance under the chiral dual supersymmetry QaA is manifest (the 9 
variables only appear as differences in Rn,ah) and hence by commutation with Kaa we know that 
SaA is a symmetry. The non-trivial symmetry to verify is the anti-chiral dual supersymmetry 

To show that Q^ is indeed a symmetry of Rn,ah "we can exploit Q and S by using a finite 
transformation made from these generators to fix a frame where 0a = 9b = 0. Since Rn,ab is 
invariant under Q and S and all generators which arise through commutation of these with Q 
we know that QRn,ab is invariant under Q and S. So we can evaluate QRn,ab in the frame where 
da = 9b = 0, 

^Ap _naA 9 f {a a - I) {h h - I) 5%n9 n)) 



9a;°° \xl^{n\xnaXab\h){n\xnaXab\b - I) {n\XnbXba\a) {n\xnbXba\a - 1), 
oc(n^„)(5^((n^„))=0. (54) 

Thus we can see that the nilpotent nature of Rn,ab is crucial in satisfying the invariance. 

As we have seen the higher i?-invariants appearing in the tree-level S-matrix are also dual 
conformal invariants. They are not dual super conformal invariants, as they are not annihilated 
by Q. However they always appear in a nested fashion. For example at NNMHV level the 
quantity Rn,biai,a2b2 always appears multiplied by Rn,aibi- The Q variation oi Rn-b-^ai,a2b2 vanishes 
when multiplied by Rn,aibi so that the product is again dual superconformal invariant. Again we 
refer the reader to [15] for more details. 

The end result for the full superamplitude is that the function Vn is invariant under dual 
superconformal symmetry while the MHV prefactor is covariant under D, C, K and S and 
invariant under all other dual superconformal transformations. Thus we have 

i i 

We can get some insight into the nature of the symmetries we have found by combining the 
dual superconformal symmetry with the original one. It is particularly simple to describe the 
symmetry in terms of twistor variables. In (2, 2) signature the twistor variables are simply related 
to the on-shell superspace variables {X,X\ri) by a Fourier transformation A — > fi [7]. We then 
denote the (super)twistors as Zf- = {Zf \rif) = (/i", A"!?]/^). Twistor space linearises the action 
of the superconformal generators j'^g. The dual superconformal symmetry is then equivalent to 
introducing another set of 'level-one' generators [9], 

E^^J^' (56) 



j\ 



J^'^\ = E(-l^' ^A d ^c d 



i<j 
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Both of the formulas (56) and (57) are understood to have the supertrace removed. In this 
representation the generators of superconformal symmetry are first-order operators while the 
level-one Yangian generators are second order. The statement of the symmetry is then the 
following, 

AA = 0, j«-^eX = 0. (58) 

This representation of the Yangian also makes an appearance in [46, 47] and provides an expla- 
nation for degeneracies in the spectrum of anomalous dimensions observed at the leading orders 
in perturbation theory. 

In fact one can also phrase things the other way round. In [48] it was demonstrated that there 
exists an alternative T-dual representation of the symmetry, where it is the dual superconformal 
generators Ja which play the role of the level-zero generators, while the generators k and s of 
the original superconformal symmetry form part of the level-one generators. The generators take 
the same form as (56) and (57) but with the twistor variables replaced by momentum twistor 
variables [49]. Momentum twistors are the twistors associated to the dual space and linearise the 
dual superconformal symmetry. They are defined as Wf = {Wf" \Xi) = (-^r^/^rlxf) with 

< = xfA,^, xf = Ot^\a. (59) 

The generators then take the form 

'^■> = Y.^f^' (6°) 



j»Me = V(-i; 









(61) 



again with supertraces removed. In this representation the generators annihilate the amplitude 
with the MHV prefactor dropped, i.e. 

JaVn = 0, J1^)P„ = 0. (62) 

It is instructive to write the simplest R-invariant that we have seen in terms of momentum 
twistor variables. We refer to [50] for the details. We have 

D ^ ^°''^(x«(a -I ah-lh) + cyc(n, a - 1, a, 6 - 1, &)) 

[n a — \ ah — 1 h){a — 1 ah — \ h){ah — \ h n){h — 1 h n a — l){h n a — 1 a) 
Here we used four-brackets defined by 

{ahcd) = tA'B'C'D'W^'W^'W^'wY . (64) 

In the form (63) dual superconformal symmetry is more transparent (that is a benefit of working 
with momentum twistors). It is also obviously a special case of a more general invariant, 

R(a h c d e) = '^"'^(^"(^^^g) + ^y^("' ^' ^' ^' ^)) (q^\ 

(ahcd) (hcde) (cdea) (deah) (eahc) 

The existence of such quantities raises the question as to their role in the theory. In general 
invariants of the large symmetry algebra give 'leading singularities' of the scattering amplitudes. 
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5 Leading singularities and the loop integrand 

We have seen that the tree- level amplitude is a particular linear combination of Yangian invariants 
which is generated by the BCFW recursion relations. It is natural to ask what role the different 
individual invariants play in the theory and indeed if there is a role for the more general invariants 
appearing above. Indeed there is a natural class of objects which go by the name of leading 
singularities. 

The best way to think of these objects is to consider the loop amplitude expanded in the 
coupling constant. At / loops the amplitude will be the integral over / internal loop momenta of 
some rational function Ri of the external momenta and the loop momenta, 

A = J]a' f d^'kRi{pi,...,pn;h,...,ki). (66) 

I -^ 

The integrand R in the above expression is only canonically defined in a planar theory. For 
general non-planar diagrams it is not clear how to combine naturally all contributions into a 
single overall integration. For planar diagrams however we can express the loop integrations as 
integrations over internal dual points and the function R is taken to be completely symmetric 
under the exchange of the integration points, allowing all terms to be written as a single /-loop 
integral. These and other aspects of the loop integrand are discussed in detail in [13]. 

If we take the above expression and perform the the loop integrations over a compact contour 
instead of the usual non-compact real Minkowski space contour then we obtain a well-defined 
(and infrared finite) expression which is some algebraic function of the external momenta. The 
function is algebraic because the compact integrations can all be done by enclosing poles and 
using the residue theorem thus the internal momenta are all fixed by algebraic equations in terms 
of the external ones. The resulting function, /„(C) will depend on the choice of integration cycle 
and is called a leading singularity, 

InAC) = [ d^'kRiipi, ...,pn,ki,...,ki). (67) 

Jc 

Leading singularities can also be thought of as being constructed from tree-level data. A 
simple example of this idea comes from the generalised four-particle cuts of [3]. Here we consider 
one-loop amplitudes with the loop integration performed over a contour that localises it so that 
four internal propagators in the loop go on shell. The amplitude is then separated into four 
quarters, as illustrated in Fig. 6, with each quarter described an on-shell tree-level amplitude. 
As for the BCFW diagrams, there is a sum over exchanged states on the internal lines, captured 
by a Grassmann integration in the A/" = 4 theory [51, 16, 17]. Note that there are two possible 
leading singularities associated with a given four-particle cut, corresponding to the two solutions 
of the cut conditions. The leading singularities are chiral in that one solution may contribute to 
the MHV amplitude while the other contributes to MHV, for example. 
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Figure 6: The four-particle cuts of one-loop amplitudes correspond to a sum of two leading singularities, 
given by the two solutions of the on-shell constraints. 

From the point of view of the symmetry of the theory, it is possible to see that the leading 
singularities are also invariants. To see this one can generalise the arguments of [51, 16] to 
higher loops as in [52] or, very elegantly, phrase the gluing operations of tree-level amplitudes in 
terms of Yangian-invariant operations [13]. The Yangian invariance of all leading singularities is 
equivalent to the statement that the loop integrand is itself invariant up to a total derivative, 

W„/C)=0 VC ^^ 6d'^kRi{pi,...,p^;h,...,ki)=dX. (68) 

In [53] a remarkable formula was proposed which computes leading singularities of scattering 
amplitudes in A/" = 4 super Yang-Mills theory. The formula takes the form of an integral over 
the Grassmannian G{k,n), the space of complex A;-planes in C". The integrand is a specific 
A;(n — A;)-form K to be integrated over cycles C of the corresponding dimension, with the integral 
being treated as a multi-dimensional contour integral. The result obtained depends on the choice 
of contour and is non- vanishing for closed contours because the form has poles located on certain 
hyperplanes in the Grassmannian, 

C= f K. (69) 

Jc 

The form K is constructed from a product of superconformally-invariant delta functions of 
linear combinations of twistor variables. It is through this factor that the integral depends on the 
kinematic data of the n-point scattering amplitude of the gauge theory. The delta functions are 
multiplied by a cyclically invariant function on the Grassmannian which has poles. Specifically 
the formula takes the following form in twistor space 



a=l 



17 



where the Cai are complex parameters which are integrated choosing a specific contour. The 
form D^i^-^)c is the natural holomorphic globally 5f/(n)-invariant and locally s/(A;)-invariant 
{k{n — k), 0)-form given explicitly in [50]. The denominator is the cyclic product of consecutive 
{k X k) minors Aip made from the columns p, . . . ,p + k — 1 oi the {k x n) matrix of the Cai 

Mp = {pp + lp + 2...p + k-l). (71) 

As described in [53] the formula (70) has a GL{k) gauge symmetry which implies that k"^ of the 
Cai are gauge degrees of freedom and therefore should not be integrated over. The remaining 
k{n — k) are the true coordinates on the Grassmannian. This formula (70) produces leading 
singularities of N'^~^MHV scattering amplitudes when suitable closed integration contours are 
chosen. This fact was explicitly verified up to eight points in [53] and it was conjectured that the 
formula produces all possible leading singularities at all orders in the perturbative expansion. 

The formula (70) has a T-dual version [50], expressed in terms of momentum twistors. The 
momentum twistor Grassmannian formula takes the same form as the original 

^^i^3^n^*'lE'«.H'.). (-2) 

a=l i=l 

but now it is the dual superconformal symmetry that is manifest. The integration variables tai 
are again a (/c x n) matrix of complex parameters and we use the notation M.p to refer to {k x k) 
minors made from the matrix of the tai- The formula (72) produces the same objects as (70) 
but now with the MHV tree-level amplitude factored out. They therefore contribute to N'^MHV 
amplitudes. 

The equivalence of the two formulations (70) and (72) was shown in [54] via a change of 
variables. Therefore, since each of the formulas has a different superconformal symmetry man- 
ifest, they both possess an invariance under the Yangian y(ps/(4|4)). The Yangian symmetry 
of these formulas was explicitly demonstrated in [48] by directly applying the Yangian level-one 
generators to the Grassmannian integral itself. 

In [48] it was found that applying the level-one generator to the form K yields a total deriva- 
tive, 

J^^^-^bK = dn^t3- (73) 

This property guarantees that C is invariant for every choice of closed contour. Moreover it has 
been shown [55, 56] that the form K is unique after imposing the condition (73). In this sense 
the Grassmannian integral is the most general form of Yangian invariant. Moreover, replacing 
5^1^ — y §'^\'^^ the formulas (70,72) are equally valid for generating invariants of the symmetry 
Y{psl{m\m)) where one no longer has the interpretation of the symmetry as superconformal 
symmetry. Thus the Grassmannian integral formula is really naturally associated to the series 
of Yangians Y{psl{m\m)). 

Finally, let us note that the recursive arguments we saw at tree-level can also be applied to 
the loop integrand [13, 57]. In [13] a specific recursion relation was proposed for the all-loop 

18 



integrand of planar A/" = 4 super Yang-Mills theory. It reads, 

M„,z(l, •••,«) =M„_iXl, . . . ,n - 1) + ^M„^,,^(l, . . .,j,Ij)Mn„i,{Ij,j + 1, . . . ,n,-) 



RiA, B,n-l, n, l)M„+2,/_i(l, . . . , uab, A, B) . (74) 

GL(2) 

Here the n-particle /-loop (super)integrand is denoted M„;. As well as the explicit dependence 
on the external kinematical variables (here taken to be the momentum twistors) it depends on 
I internal loop integration points (or lines {AB)k in momentum twistor space). The summation 
is performed so that ul + ur = n + 2 and II + ^r = 1-, while the various momentum twistors 
entering the formula are defined by, 

hj = (n - In) n {]] + 1 1), Ij = {jj + 1) n (n - Inl), 

hAB = in-ln)n{ABl), A = (AB) n {n - Inl) . (75) 

The recursion relation is very similar in form to (33) but there is an additional term involving a 
GL{2) integration. This term corresponds to taking forward limit of an / — 1 loop integrand - it 
essentially corresponds to the possibility of one of the loop propagators going on shell as a result 
of the shift. The integration is performed over the GL{2) in order to result in an expression 
with a GL{2) invariance in the variables A and B so that the final term only depends on the 
line (AB). Finally one should symmetrise over all internal integration variables (or momentum 
twistor lines). This recursive relation can also be phrased in terms of Yangian-invariant operations 
[13], showing that the integrand is invariant up to total derivative. The integrand obtained from 
this recursion relation is four-dimensional in nature and unregulated. Moreover, just as in the 
case of the tree-level recursion relation, the singularities of each term are of a non-local nature. 
In order to perform the loop integrations canonically the expressions should first be reorganised 
so that the non-local poles cancel manifestly, leaving only the local propagators [13, 58]. Then, 
following [59], one can regularise the infrared divergences by introducing a mass. See [60, 61, 52] 
for explicit calculations of such amplitudes and [62] for a discussion of these ideas in this review 
series. 



6 Dual conformal symmetry in higher dimensions 

Some of the symmetry we have seen is in fact not confined to the four- dimensional incarnation 
of maximally supersymmetric gauge theories. One can consider also higher-dimensional versions, 
the A/" = (1,1) super Yang-Mills theory in six dimensions, or the A/" = 1 theory in ten dimensions. 
In both cases the tree- level amplitudes exhibit dual conformal symmetry [63, 64, 65]. For example, 
in six dimensions, following the spinor-helicity conventions of [66], we can write the particle 
momenta as. 

Pi = \ ""^ab^i , PiAB = ^Aa^^ ^iSb ' PiAB = 2^1 ^ABCD ■ (76) 
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Here the capital indices are fundamental/anti-fundamental Spin{l,5) indices, running from 1 to 
4 while the indices a and d are the SU{2) x SU{2) little group labels. The on-shell A/" = (1,1) 
supermultiplet can be organised into the following on-shell superfield, 

$(77, 77) = + x% + xav' + (^'{vf + glvav' + (^"{vf + i'av^vf + rvaivf + rivfivf ■ (77) 

The multiplicative supercharges take the form 

qt = >^t''V^a. q^A = \^AaVt (78) 

Now one can introduce six-dimensional dual coordinates following the four-dimensional case, 

Xf ^ - Xf/i = Vf", ef - etl = ^f'n.a. O.A - O.+IA = ^AnXfl . (79) 

These variables transform canonically under dual conformal inversions, 

< ^ 4' (^t -^ i^7')AB0f , 9,,A -^ ix;Y^9,B . (80) 

xf 

and the relations (79) define corresponding transformations of the Aj etc. The tree level ampli- 
tudes are again covariant, when suitably stripped of the momentum and supersymmetry delta 
functions. We define 

An = 5\p)5\q)5\q)U (81) 

and the dual conformal transformation of /„ is simple, 

fn^{xl...xl)U. (82) 

This statement is a non-trivial constraint on the form of the amplitudes in six-dimensional super 
Yang-Mills theory. It can again be seen recursively from the BCFW recursion relations for the 
tree-level amplitudes. Note that in dimensions higher than four, Yang-Mills theory is not a 
conformal field theory and so we do not expect the analogue of the original conformal symmetry 
here. The six-dimensional amplitudes can be related [63, 64] to four-dimensional ones on the 
Coulomb branch as studied in [59] and the presence of the dual conformal symmetry in these 
two cases is related. The induced masses of the external momenta on the Coulomb branch are 
related to the fifth and sixth components of the massless six- dimensional momenta. 

In ten dimensions, dual conformal symmetry again appears for the tree-level amplitudes. 
In that case an analogue of the level-one momentum generator is defined in order to show the 
invariance. We refer the reader to [65] for more details. 
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